In this paper the problem of synthesis of offset shaped single reflector antenna is considered. This problem has to be solved when a reflector antenna system is required to control the field amplitude and/or phase on the far-field or on the output aperture in the near-field. Achieving high efficiency is a very important objective of the design and shaped reflector antennas are used for that purpose.
Introduction
Reflecting properties of quadric surfaces, such as ellipsoids, paraboloids and hyperboloids are well known and have been widely used to build lenses, mirrors, antennas, and many other reflecting and refracting devices. However, in many engineering problems of reflector/refractor design and analysis the simple shapes of quadric surfaces are often not sufficient to satisfy the requirements of high efficiency and significantly more complex systems of surfaces have to be designed and manufactured. A general problem that arises in the theory of synthesis of reflector antennas is that of shaping a reflecting surface so that it would redistribute a given geometrical optics (GO) feed power pattern into a prespecified amplitude aperture distribution [2] , [3] , [1] , [4] , [5] Restricting the design to axially symmetric surfaces or combinations of ellipsoids, paraboloids and hyperboloids will produce in many cases a system with blockage and low efficiency.
Various versions of this problem arise also in the theory of synthesis of mirrors in optics [9] , [8] , [10] , [11] , [12] , heat transfer [6] , [7] , and other areas.
Because of important practical applications, this problem has been studied quite extensively. In the axially symmetric case with the source on the axis the problem reduces to solving an ordinary differential equation which can be rigorously investigated and solved numerically with any given precision [5] . Obviously, an axially symmetric design is too restrictive. For example, blockage of the reflector by the feed can not be avoided in such design. Thus, in many circumstances a non-axially symmetric and offset reflector antennas are desired. However, in this case the equations describing the problem are highly nonlinear partial differential equations which until recently could not be analyzed rigorously by available mathematical methods.
During the last four decades essentially three different approaches have been used for formulating the general problem analytically and solving it numerically. In the first approach the problem is formulated as a system of first order partial differential equations and a method resembling the method of characteristics is applied to solve the system numerically; see [2, 1] , and other references there. In the second approach the same problem is formulated as a boundary value problem for a second order partial differential equation of Monge-Ampère type for a certain complex-valued function [4] . Then a linearization procedure is used to construct a solution close to some a priori selected solution. In both approaches a rigorous mathematical analysis of the resulting equations is lacking and consequently the validity of the numerics is never fully established. This led to a controversy regarding existence and uniqueness of solutions that until now has not been resolved [3, 2, 1] . A third approach based on a rigorous mathematical analysis of a second order real-valued Monge-Ampère equation was applied in [13] to prove existence and uniqueness in the special case when the solution is required to be "close" to an axially-symmetric one.
The purpose of this paper is to describe a new approach to the synthesis problem for single reflector antennas. In contrast with the above mentioned first two approaches the new approach is based on a rigorous mathematical theory and its validity does not depend on specific numerical examples. It also does not have the limitations present in the third approach. The approach presented here was first developed in [14] for the far-field case, and then, for the near-field case, in [15, 16] . A somewhat different but close "in spirit" approach to synthesis of dual reflector systems with a collimated source is described in [17] .
Note. (Added in proof May 10, 2006 ). An alternative approach to the problem of designing optical and antenna systems consisting of one or two reflecting surfaces which transform the energy of the source into a prescribed energy distribution on a given target set was given by T. Glimm and V. Oliker in [22, 23] . This approach is based on calculus of variations, in particular, on the Monge-Kantorovich transport theory.
In [14, 15, 16] the emphasis was on the mathematical aspects of the problems and the results are not readily applicable to problems of practical interests. The present paper emphasizes the geometric side of the new approach and, in addition to providing a relatively elementary exposition of it, contains also an important improvement and analysis leading to practical criteria permitting designs with no blockage.
The presented approach allows to not only resolve rigorously the questions of existence and uniqueness of solutions but it also lends itself naturally to numerical procedures for constructing numerical solutions with any user-specified accuracy. Such a procedure has been implemented by us into a numerical code and we used it to develop offset shaped reflector antennas transforming a given GO feed power pattern into a prespecified amplitude distribution across a given flat aperture.
In essence, the new approach is very geometric and quite elementary. While the mathematics behind it is somewhat involved and uses relatively advanced concepts of weak solutions to nonlinear partial differential equations, the main ideas are transparent and can be explained by simple and familiar means.
The organization of this paper is as follows. In section 2 we give a detailed statement of the problem, in sections 3 and 4 we describe the new approach to its solution, in 5 we provide conditions which guarantee that self-blockage and blockage by the feed are avoided. Finally, in section 6 we present numerical examples.
Statement of the Problem
Let x, y, z be a Cartesian coordinate system with origin O. We denote also by O a nonisotropic point source of energy placed at the origin and let I(m) denote the feed power pattern as a function of direction m. As usual, the geometrical optics approximation is used to set up the synthesis problem [5, 11, 4, 1] . It is convenient to consider the direction m as a point on a unit sphere S centered at O as shown on the Fig. 1 . In this setting, m is the incidence direction passing through the input aperture D which is pictured as a region on the sphere S. We will assume that D is a closed set on S in the sense of set theory. In order to derive the required relations we consider a reflector surface R that intercepts the incident rays and reflects them according to Snell's law. The surface R is represented by its polar radius ρ(m) with m varying in region D. In vector form it is given by r(m) = ρ(m)m.
The ray of direction m is incident upon the surface R at the point r(m) and is reflected in direction u given according to Snell's law as
where n is the unit normal to surface R. It is assumed here that R is smooth and projects radially onto D in a one-to-one fashion.
In the problem considered here we are also given in advance some region T in space which the reflected rays must reach and produce there a certain power pattern. For simplicity, the energy delivered by rays reaching T directly from O is excluded from our analysis. Obviously, this energy can be easily accounted for in the final analysis.
In this paper we assume that T is a flat region on some plane. This assumption is made only to simplify the presentation; it can be significantly relaxed [15] . It is also assumed that T is a bounded and closed set. We denote by L(v) a function defined on T which represents the required output power pattern. Finally, if we denote by t(m) the distance from the surface R traveled by the reflected ray of direction u(m) to reach T , then we have a map Γ(m) : D → T from the input aperture D to the region T , that is, v = Γ(m). This map is given by
Next, we relate the input power pattern I(m) on D and the output power pattern L(v) on T . Let J(Γ) be the Jacobian of the map Γ. The energy conservation law along infinitesimal ray tubes can be expressed as [18] 
Now, the reflector problem is formulated as the following inverse problem. Suppose we are given in advance the region D on S and a flat region T on some plane, a non-negative function I(m) defined on D and a non-negative function L(v) defined on T . The problem is to determine a reflecting surface R such that the map Γ, defined by (2), maps D onto T and the condition (3) is satisfied for all m in the interior of D.
A necessary condition that must be satisfied by the functions I and L follows immediately from (3). Namely, integrating (3) and using the formula for changing the variable under integral we obtain
where dσ(m) is the area element on the sphere S and dµ(v) is the area element on T . It follows that if L(v) is a given output power pattern on the output aperture T then the following "balance" equation is necessary for solvability of the reflector problem:
From the point of view of differential equations the equations (1), (2) and (3) are not convenient for studying the reflector problem because the position vector of the unknown reflector R enters these equations in a very complicated way. Different ways for rewriting these equations have been suggested [2, 3, 4, 5, 11, 19, 20] . Some of them are more convenient than other but, except for the axially symmetric case, the resulting equations are always highly nonlinear and complicated, and, consequently, difficult to investigate. Fortunately, in our approach we do not need these equations in explicit form.
3 The New Approach
An Observation and the Main Strategy
In some sense the approach described below resembles the classical approach in which one would like to use the known reflecting properties of quadrics to build reflectors. Consider first the special case when the output aperture T consists of only one point v. The required output power is interpreted in this case as the Dirac δ− function with a positive "mass" L v concentrated at the point v. Since the right hand side in the balance equation (4) is the total energy required at v, this equation in this case assumes the form
In the following our constructions will involve ellipsoids. To avoid confusion, let us note that throughout the paper by an ellipsoid we always mean the surface of the solid.
Let E(v) be an ellipsoid of revolution with the axis of revolution passing through the points O and v, with one of the foci at O and the other at v. Its polar radius is given by
where d is the focal parameter of E(v), ǫ the eccentricity, and
Here and throughout the paper we identify the point v with the vector originating at O and terminating at v. Since the distance |Ov| (= |v|) between the foci is specified, fixing a positive d fixes one such ellipsoid. The eccentricity of E(v) can then be determined from the known formula
which can be resolved as
The well known geometric properties of such an ellipsoid imply that any ray of direction m originating at O is reflected by E(v) and reaches v which is a caustic point of this GO flow. The total power of the source
is carried to the focus v by the GO rays passing through the aperture D and transformed by E(v). By (5)
Thus, in this special case the piece of the ellipsoid E(v) that projects radially onto D is a solution of the reflector problem.
Uniqueness. It is clear that any ellipsoid of revolution with the same foci O and v is also a solution in this case. However, as it follows from (6) and (8), the relation between polar radii of any two such solutions is not linear. In particular, the two solutions are not related by a homothety relative to O. Thus, we see that in this case the reflector problem has infinitely many geometrically distinct solutions.
Reflectors Defined by a Finite Number of Ellipsoids
Consider now a more general case when the set T consists of a finite number of points and the output power pattern required on T is a collection of masses concentrated at these points. In this case, our plan is to construct the reflector surface from pieces of confocal ellipsoids of revolution with the common focus at O and axes with directions defined by the points in T .
More specifically, let T be given as a finite set of points, T = {v 1 , ..., v N }, and the required output power pattern on T is given as a sum
where L i are positive numbers equal to the output powers required at points v i . The function L T should be understood here in the distributional sense, that is, when applied to a unit probe at the point v i , it produces the power L i . Similarly, the right hand side of the balance equation (4) should be understood in this case as the total power Q = N i=1 L i and we assume that the numbers L i are such that the following balance equation is satisfied:
Ultimately, the reflector surface R in this case will be built of pieces of confocal ellipsoids of revolution E(v i ) with the common focus at O and axes of revolution along Ov i , i = 1, ..., N. However, the construction of such a reflector in this case is a bit more involved than before and we need to introduce precise definitions.
To simplify the notation we put E i ≡ E(v i ). The polar radius of E i is given by
where d i > 0 and ǫ i , 0 < ǫ i < 1, are, respectively, the focal parameter and eccentricity of E i , while m is an arbitrary point on the sphere S. The solid body bounded by E i is denoted by B i .
Next, we consider the intersection of the bodies B i and put
Since each of B i is a convex body, the set B is also convex.
The focal parameters of the ellipsoids E i can be selected so that the points v i lie strictly inside B for all i. In order to establish this we first note that by (10) we have for all
The inequality in (11) is strict because 0 < ǫ i < 1. The inequality (11) means that a ball of radius d i /2 with the center at O fits strictly inside E i . Because of the symmetry of E i a ball of the same radius but with the center at the second focus v i is also contained inside E i . Let ω(T ) denote the diameter of the set T , that is, the maximal distance between any two points in T . If we choose
for all i = 1, ..., N than each of the ellipsoids defined by d i will contain the set T strictly inside. Therefore, the solid B and, of course, the surface bounding it will also contains T strictly inside. Because the required reflector will be constructed as a part of the boundary of the solid B, the above property will be important for establishing that no part of the reflector constitutes a blockage to reflected rays (prior to reaching the points v i of the output aperture). Now we can state the precise definition of a reflector.
Definition 1
The convex surface bounding the solid B is called a reflector defined by the ellipsoids
Obviously, any family of ellipsoids E i , i = 1, ..., N, defines a reflector redirecting the rays from the source O to their respective foci v i . However, the amount of energy delivered at each of the v i depends on how much of the total energy from O is "intercepted" by the corresponding ellipsoid prior to other ellipsoids in the family. Thus, the main problem is to select the ellipsoids E i so that for each i = 1, ..., N the energy arriving at v i is equal to L i . As we will see in the following sections, this is accomplished by solving a system of equations for the required focal parameters. The input aperture is the angle B 1 OB 2 . It is convenient to assume that the input aperture is extended to the entire unit circle centered at O. In order to account for such aperture extension we assume that outside of the actual input aperture B 1 OB 2 the feed power density is zero. Then, only the rays in the angle B 1 OB 2 are of interest. If the sum of powers required at v 1 and v 2 is equal to the total input power (that is, the equation (9) applied to this case is satisfied), then the contribution of each of the ellipses to the power at the corresponding focus depends on how much of the total input power is intercepted and redirected by the corresponding ellipse. This, on the other hand, can be controlled by the appropriate choice of the focal parameters.
For example, if the focal parameter of E 2 is so large that E 1 is strictly inside the set bounded by E 2 then all the rays from O are intercepted by E 1 . In this case, there is no power contribution to v 2 and all power goes to v 1 . Similarly, if the focal parameter of E 2 is sufficiently small then E 2 will intercept all the rays from O and all power will be delivered to v 2 . In the former case, keeping the focal parameter of E 1 fixed and decreasing the focal parameter of E 2 we can achieve any desired distribution of the total power between the points v 1 and v 2 . Once the desired distribution is achieved, the part of the reflector outside the arc B 1 AB 2 is deleted. Such deletion does not affect the attained energy distribution, since the input power density for directions outside the angle B 1 OB 2 is zero. Then, the remaining part of the reflector contained in the angle B 1 OB 2 gives the required reflector.
Constructing Reflectors With Ellipsoids
We now use the same idea to build a reflector in 3D in case when the number of ellipsoids defining the reflector may be arbitrary (but finite). We will see later that this is the important case in practice. In order to describe the required construction we need to introduce two related notions.
First of all, it is convenient to assume that the feed power pattern I(m) is defined over the entire sphere S by setting I(m) ≡ 0 outside D. Then we can work with the entire sphere S as the input aperture. The resulting reflector will be a closed surface. Once this reflector is constructed we will delete the unnecessary part and obtain the required reflector.
Let T = {v 1 , ..., v N } and let E i , i = 1, ..., N, be a family of ellipsoids defining the reflector R as in definition 1. Let E j be one of the ellipsoids of the family. By definition, the solid B(v j ) must contain the reflector R. We need to distinguish the cases when the reflector R is lying strictly inside B(v j ) and when such inclusion is not strict, that is, when E j and R have common points.
Definition 2
We say that E j is supporting to R if the set C j = E j R is not empty. The set C j is called the "contact" set of E j with R.
This definition is illustrated in the 2D case on Fig. 3 . In this figure, all three ellipses E 3 are supporting. However, if the focal radius d 3 of E 3 is increased the ellipse E 3 ceases to be supporting and C 3 becomes empty. We need to allow for that because when we construct a reflector we do not know a priori if a particular ellipsoid from a given family constitutes a part of the reflector or not. Now we define a set that determines the contribution of each ellipsoid to the output power pattern. Evidently, the visibility set V (v) consists of directions m of all rays emitted from O which are reflected by R and reach v. Therefore, the quantity G(R; v) gives the total power delivered by reflector R to the point v. Note, that because of the way we redefined I(m) over S, only the contribution to this integral from the set D V (v) plays a role. Also, note that if C(v) is empty then V (v) is empty, and G(R; v) = 0. Now, the reflector problem with the output aperture consisting of a finite number of points can be formulated as follows. Let T = {v 1 , ..., v N } and L 1 , ..., L N are positive numbers such that the balance condition (9) is satisfied. The problem is to determine a reflector R defined by ellipsoids E i with foci at O and v i , i = 1, 2, ..., N, such that
Since each of the ellipsoids E i is uniquely defined by its focal parameter d i , the determination of the reflector R means determining N focal parameters d 1 , ..., d N so that the corresponding reflector satisfies (13) .
The system (13) is a nonlinear system with respect to the variables d 1 , ..., d N and in the next section we describe a procedure for solving it.
The Algorithm for Solving System (13)
The system (13) is solved by an iterative procedure starting with an initial reflector R 0 . The reflector R 0 is constructed from the data. We first describe this construction.
Let R be some reflector defined by ellipsoids E i , i = 1, ..., N, with one of the foci at O and the other at v 1 , ..., v N , respectively. We want to show that the focal parameters of E i can be selected so that for all m in D and all i > 1 we have
This inequality implies that all the energy from the source O is redirected by the reflector to the point v 1 .
We let, as before, M = max i |v i | and ω = diameter of T . Naturally, it is always assumed that the set T is at a positive distance from O, and thus min i |v i | > 0. Let also γ i = max D m ·v i and γ = max i γ i . Also, it is assumed that the rays from the source passing through the input aperture are separated from the rays from the source directed towards points on the output aperture, that is,
Put
where α is a positive number which is a design parameter whose specific choice will be discussed in section 3.2.4. Then, using (7), we obtain
It follows from (10) that for the polar radius of the ellipsoid E 1 over the input aperture D we have the estimate
that is, the inequality (14) is satisfied.
and d i = βM. Then for points m in domain D we obtain, using (10) and (17),
Let R 0 denote the reflector constructed with ellipsoids E 1 , ..., E N . Because of (18) the rays from O through D are all intercepted first by E 1 . Using the notation introduced earlier, and the assumption (9), we can express this fact as
The construction of the initial reflector is now complete.
We now begin modifying the reflector R 0 . In this process only the focal parameters of ellipsoids E i , i > 1, will be changing, while E 1 will remain fixed. We begin with E 2 . Decrease continuously the focal parameter d 2 and consider the reflectors defined by the same ellipsoids as before except for E 2 which is replaced by the ellipsoid with reduced focal parameter 
The latter is impossible, since by construction d 2 was decreasing only while G(R
Let us show that the equality G(R 0 int ; v 2 ) = L 2 is attained while
This estimate is required in order to show that the ellipsoid E 2 during the above modification (and the subsequent ones to be described below) does not degenerate into a straight line segment joining O and v 2 .
To establish the required property assume that for some intermediate position of 
On the other hand, it follows from (10) that
Therefore, for points m in D ρ 2 (m) ≤ ρ 1 (m).
Then we must have
which is in contradiction with the way E 2 was modified. The estimate (19) is established.
We fix the value d 2 for which G(R 0 int ; v 2 ) = L 2 and the corresponding ellipsoid E 2 . If N = 2 then we are done; otherwise, the same procedure is repeated for each of the remaining ellipsoids for i > 2 (it is assumed that N ≥ 2; the case when N = 1 was described in section 3.1). The resulting reflector we denote by R 
and
.., N, the process terminates. Otherwise, it continues by resetting R 0 = R 1 and repeating the above steps. As a result, a sequence of reflectors R k , k = 0, 1, ..., with focal parameters d
In the terminology of partial differential equations the reflectors R k are supersolutions of the system (13). The estimate (19) 
Let us show that the focal parametersd 1 , ...,d N of the reflectorR satisfy the system (13) . Suppose that for some j > 1 we have
Then we can decreased j by a sufficiently small amount and construct a new reflector R ′ for which
For this reflector we have d ′ j <d j which is impossible because of (21).
It can be shown (see [16] ) that for a given tolerance the above process terminates in a finite number of steps with the determined reflectorR satisfying (13) within the specified tolerance.
The reflector determined by the above algorithm is a closed convex surface. However, its portion outside of the part that projects radially onto D transmits no energy (since I(m) ≡ 0 when m ∈ S \ D). Deleting the part of the reflector surface over S \ D we obtain the final solution (within a user specified tolerance). By letting the tolerance tend to 0 we obtain a sequence of reflectors converging to a reflector satisfying the system (13) exactly.
Uniqueness of Solution to System (13)
As the note at the end of section 3.1 indicates we can not expect that the determined solution is unique. The same observation applies to reflectors constructed by solving the system (13). Indeed, in the construction of the reflector described in preceding section, the first ellipsoid was fixed only up to the choice of the parameter α and therefore another reflector satisfying (13) can be constructed by simply choosing differently this parameter.
However, the uniqueness still holds in the following sense. Let R and R ′ be two solutions of the system (13). Let R be determined by ellipsoids with focal parameters
Suppose that the two reflectors have a common ellipsoid. Then the two reflectors coincide. This is proved in [15] . Thus, in particular, fixing the parameter α fixes uniquely a solution.
Distributed Output Power Patterns
Let now T be a region on some plane and L(v), v ∈ T, a function defining the required output power pattern on T . Assume that the balance equation (4) is satisfied. The reflector approximating the required reflector within any user specified tolerance is constructed in this case via a procedure which reduces this problem to the problem of constructing a reflector defined by a finite number of ellipsoids. This procedure is as follows. Partition the region T into small subregions
Pick a point v i in each T i and solve the system (13) with the points v 1 , ..., v N and powers L 1 , ..., L N at the corresponding points. Denote the resulting reflector by R N . It can be shown that as the diameters of the sets T i shrink to zero the corresponding sequence of reflectors {R N } converges to a reflector R solving the reflector problem with the power pattern L specified on T . Furthermore, for a given tolerance one can construct a reflector approximating R within this tolerance in a finite number of steps. The mathematics here is somewhat involved and we refer the reader for further details to the papers [15, 16] .
5 Avoiding Blockage
Avoiding Self-blockage
Let us show now that by appropriate choice of the parameter α in (16) the reflector can be designed so that self-blockage can be completely avoided. By self-blockage we mean here a situation when a part of the output aperture T is blocked by some parts of the reflector surface from the rays reflected off other parts of the reflector.
Again, from the point of view of numerics and applications, the case when the reflector is constructed with a finite number of ellipsoids is the one that needs to be considered though the described result is also valid in general. It has been explained at the end of section 3.2 that with our construction of a reflector the self-blockage will not happen if for all ellipsoids forming the reflector the focal parameters satisfy the inequality (12) . Therefore, it follows from (19) that if α is chosen so that
then, setting d 1 = αM, we are guaranteed that all ellipsoids in the constructed reflector will contain T inside and no self-blockage will occur.
Avoiding Blockage by the Feed
A common problem in axially symmetric reflectors is that if the radiation source is positioned on the axis then it becomes a secondary scatterer and that leads to energy losses.
From the construction described in section 3.2.3 it follows that the following condition guarantees that no blockage of reflected rays will occur. Let C D denote a cone generated by rays from O through the points in the input aperture D. Let l 1 , ..., l N be the rays from O passing through v 1 , ..., v N , respectively. Since our reflectors are constructed of ellipsoids, it is clear that for a reflected ray to pass through O and v i the input aperture D should include a direction m = −v i . Such possibility is excluded if we require that no two rays, one from C D and one from the set l 1 , ..., l N , form together a complete straight line.
When the target is a specified region not limited to a finite number of points this condition should be formulated as follows. Let C T be a cone generated by rays from O through the points in the output aperture T . In order to avoid blockage of reflected rays by the source O, the positions of the input aperture D and output aperture T should be such that no two rays, one from C D and one from C T , form together a complete straight line. In practice, of course, one should also take into account the size of the feed.
Examples
In this section, we present four examples calculated numerically with the algorithm described in section 3.2.3. The code used for computing solutions presented in this paper is a significantly improved version of the original code used for calculating the results in [16] . EXAMPLE 1. In the first example, shown schematically on Fig. 5 , there were used 25 nodes uniformly distributed over the output aperture T . The solution was constructed with 25 ellipsoids with one focus at the source O and second foci at the nodes on T . In this example, the diameter of T ω(T ) = √ 2m, distance from the source to the central node on T is h = 200m, the maximum among all distances from the source to nodes on T is ≈ 200.005m, and the parameter γ ≈ −.4938639. Using the inequality (22) , it can be determined that self-blockage will be avoided if the focal parameter of the first ellipsoid d 1 ≥ feed energy density is not very significant all of the resulting ellipsoids had focal parameters close to 3.8 with the maximum = 3.80618 and minimum = 3.79972. It took 348 iterations to reach a solution for which max | computed output density distribution − required uniform distribution| ≤ 0.01.
The wall clock run-time was 19 minutes on a 300MHZ Silicon Graphics computer with one processor. The designed reflector has the following dimensions: the distance from the source to the reflector along the central ray is 2.25m and the diameter of the reflector is 1.27m.
It is important to note that in the above inequality we are comparing output density distribution with the density distribution for the true solution and the bound on the right hand side is user-specified. If this bound is decreased the number of iterations will increase, in some cases, quite significantly.
A snapshot of the computer generated picture of the found reflector is shown in Fig.  6 . Note that the apex of the reflector is displaced slightly in the downward direction. This is due to the fact that the output aperture is at an angle with the input aperture ( = 135 o between central rays from the source to the input aperture and to the target; see Fig. 5 ). As the angle AOB becomes smaller this displacement becomes more significant; see example 2 below. EXAMPLE 2. In the second example the setting was similar to the example 1, but the following parameters were changed: AOB = 90 o and the focal parameter of the first ellipsoid was taken = 1.7. The diameter of this reflector is 1.3m. The distance from the source to the reflector along the central ray is 1.7m. The run-time in this case was 13 minutes. A snapshot of the computer generated picture of the reflector is shown in Fig. 7 . It clearly shows further displacement of the surface apex in downward direction.
EXAMPLE 3.
In the third example all data were the same as in example 1 except for the distance h to the target aperture which was taken = 200, 000m. This resulted only a small change in the choice of the focal parameter of the first ellipsoid which was taken = 3.772. The diameter of the determined reflector is 1.26m and the distance from the source to reflector along the central ray is 2.23m. A picture of this reflector is shown on Fig. 8 . This example shows that the proposed techniques can be also used for designing reflectors with pre-specified energy patterns across far-field regions. EXAMPLE 4. The purpose of this example is to illustrate the behavior of the algorithm when the number of ellipsoids in the problem increases. In this example, all of the data remains the same as in example 1 except for the number of ellipsoids which was taken to be 36. In this case, the algorithm made 613 iterations; the run-time was 1 hour 20 minutes. Its diameter is 1.27m and the distance from source to reflector along the central ray is 2.24m.
The example 4 and other experiments that we performed show that the computational time grows with the number of ellipsoids used in the solution. While testing the code on numerous examples we observed that the algorithm finds quickly a relatively good approximation and then it slows down as the iterates approach the true solution. Such behavior is very typical for numerical schemes dealing with equations containing strong nonlinearities. In [21] we presented a strategy for improving significantly the convergence properties in a similar case of a nonlinear problem. Currently, we are investigating the applicability of this strategy to the problem considered here.
It should be noted, however, that for practical design applications the current version of the code will most likely be sufficient. The fact that the algorithm does not require the knowledge of an initial approximation makes it particularly attractive. Of course, the fact that it is supported by a rigorous mathematical justification is of critical importance, since this makes the numerical results reliable.
Conclusion
In this paper a new method for synthesis of offset, shaped, single reflector antennas is presented. The synthesis problem is considered in geometrical optics approximation. In contrast with previously known GO synthesis methods the validity of the method presented here is established by mathematically rigorous arguments. Our results completely resolve the questions of existence and uniqueness of solutions to the above synthesis problem. Issues regarding self-blockage and blockage by the feed have been investigated and conditions which guarantee avoidance of such blockages are presented. This leads to designs of reflector antennas with high efficiency. The new method has been implemented in a computer code and several design cases are presented here. The corresponding numerical procedure is an iterative one which starts with an initial solution. A important advantage of our numerical procedure is that the initial solution can be explicitly and easily determined from the initial data.
The proposed method and its numerical implementation should have applications in various important problems of design of contour beam shaping spacecraft and ground systems in which high gain is required and offset geometry must be utilized to achieve high efficiency.
